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P_l ■ Abstract 

I This paper investigates the asymptotic behavior of the solutions of the Fisher-KPP 

• equation in a heterogeneous medium, 



dtu = dxxU + f{x,u) 



associated with a compactly supported initial datum. A typical nonlinearity we con- 
^ ' sider is f{x,u) = fio{(l){x))u{l — u), where fiQ is a 1-periodic function and </> is a 

. increasing function that satisfies lim^_>_|_oo </'(x) = +00 and lim^^^-^+oo = 0. Al- 

though quite specific, the choice of such a reaction term is motivated by its highly 
ff^ ■ heterogeneous nature. We exhibit two different behaviors for u for large times, de- 

pending on the speed of the convergence of (p at infinity. If (p grows sufficiently slowly, 
then we prove that the spreading speed of u oscillates between two distinct values. If 
(j) grows rapidly, then we compute explicitly a unique and well determined speed of 
propagation Woo, arising from the limiting problem of an infinite period. We give a 
heuristic interpretation for these two behaviors. 

. Key-words: heterogeneous reaction-diffusion equations; spreading speeds; propagation phe- 
nomena. 
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1 Introduction 

1.1 Hypotheses 

We consider the following reaction-diffusion equation in (0, +00) x M: 

dtU = dxxU + f{x,u). (1.1) 
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We assume that / = f{x,u) is locally Lipschitz-continuous in u and of class in the 
neighborhood of m = uniformly with respect to x, so that we can define 



Moreover, / is of the KPP type, that is 

/(x, 0) = 0, f{x, 1) < 0, > and /(x, u) < n{x)u for all (x, m) G M x (0, 1). 

A typical / which satisfies these hypotheses is /(x, u) = /i(x)n(l— n), where is a continuous, 
positive and bounded function. 

The very specific hypothesis we make on / in this paper is the following: there exist 
/io e and (f) G C^(M) such that 



That is, our reaction-diffusion equation is strictly heterogeneous (it is not even almost 
periodic or ergodic), which means that it can provide useful information on both efficiency 
of recently developed tools and properties of the general heterogeneous problem. But it also 
satisfies some periodicity properties with a growing period near +oo. We aim to look at the 
influence of the varying period L{x) := x/0(x) on the propagation of the solutions. 

Note that we do not assume here that there exists a positive stationary solution of (11. ip . 
We require several assumptions that involve the linearization of / near u = but our only 
assumption which is related to the behavior of / = f{x,u) with respect to m > is that 
/(x, 1) < 0, that is, 1 is a supersolution of (11.11) (it is clear that, up to some change of 
variables, 1 could be replaced by any positive constant in this inequality). It is possible to 
prove that there exists a minimal and stable positive stationary solution of (II. ip by using 
this hypothesis and the fact that /io is positive but we will not discuss this problem since 
this is not the main topic of this paper. 

1.2 Definitions of the spreading speeds and earlier works 

For any compactly supported initial condition uq with < Uq < 1 and Uq ^ 0, we define the 
minimal and maximal spreading speeds as: 



/i(x) :=/:(x,0). 




V 




= sup{c > I liminf inf u(t,x) > as t — > +oo}. 



w* = inf{c > I sup u{t,x) — )■ as t — )■ +oo}. 



2.'6[ct,+oo) 



Note that it is clear, from the strong maximum principle, that for any t > and x G M, one 
has < u{t,x) < 1. One can also easily derive from the homogeneous case [1] that 



The reader could also remark that we just require liminff^+oo u(t, x+ct) > in the definition 
of w^:. This is because we did not assume the existence of a positive stationary solution. 
Hence, we just require u to "take off" from the unstable steady state 0. 

The aim of this paper is to determine if some of these inequalities are indeed equalities. 

The first result on spreading speeds is due to Aronson and Weinberger pQ. They proved 
that w* = w^, = 2a//'(0) in the case where / does not depend on x. More generally, even 
if / does not satisfy f{u) < f'{0)u for all u G [0, 1], then w* = is the minimal speed of 
existence of traveling fronts [1]. However, because of the numerous applications in various 
fields of natural sciences, the role of heterogeneity has become an important topic in the 
mathematical analysis. 

When / is periodic in x, Freidlin and Gartner [7] and Freidlin [B] proved that = w* 
using probabilistic techniques. In this case, the spreading speed is characterized using peri- 
odic principal eigenvalues. Namely, assume that / is 1-periodic in x, set /io(a^) := fui^y^) 
and define for all p G M the elliptic operator 



It is known from the Krein-Rutman theory that this operator admits a unique periodic prin- 
cipal eigenvalue Ap(/io), defined by the existence of a positive 1-periodic function ipp G C^(]R) 
so that Cpipp = Xp{fio)fp. The characterization of the spreading speed [7] reads 



Such a formula is very useful to investigate the dependence between the spreading speed and 
the growth rate /lo- Several alternative proofs of this characterization, based on different 
techniques, have been given in [3l [13] . The spreading speed = w* has also been identified 
later as the minimal speed of existence of pulsating traveling fronts, which is the appropriate 
generalization of the notion of traveling fronts to periodic media [2]. Let us mention, with- 
out getting into details, that the equality = w* and the characterization fll.4p have been 
extended when the heterogeneity is transverse [TU], space-time periodic or compactly sup- 
ported [3] , or random stationary ergodic O [12] . In this last case one has to use Lyapounov 
exponents instead of principal eigenvalues. 

In all these cases (except in the random one), the operator £p is compact and thus princi- 
pal eigenvalues are well-defined. When the dependence of / with respect to x is more general, 
then classical principal eigenvalues are not always defined, which makes the computation of 
the spreading speeds much more difficult. Moreover, in general heterogeneous media, it may 
happen that < w*. No example of such phenomenon has been given in space heteroge- 
neous media, but there exist examples in time heterogeneous media [5] or when the initial 
datum is not compactly supported [5|. 

Spreading properties in general heterogeneous media have recently been investigated by 
Berestycki, Hamel and the third author in [3]. These authors clarified the links between 
the different notions of spreading speeds and gave some estimates on the spreading speeds. 
More recently, Berestycki and the third author gave sharper bounds using the notion of 





= w* = min 

p>0 





P 
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generalized principal eigenvalues [5]. These estimates are optimal when the nonlinearity is 
periodic, almost periodic or random stationary ergodic. In these cases, one gets = w* 
and this spreading speed can be characterized through a formula which is similar to ( II ■4p . 
involving generalized principal eigenvalues instead of periodic principal eigenvalues. 



2 Statement of the results 

Before enouncing our results, let us first roughly describe the situation. As (t)'{x) — ?■ 
as X —7- +00, the function </> is sublinear at infinity and thus = fiQ{(j){x)) stays near 

its extremal values max fiQ or min fiQ on larger and larger intervals. If these intervals are 
sufficiently large, that is, if (p increases sufficiently slowly, the solution u of (11. ip should 
propagate alternately at speeds close to 2^max /iq and 2y/mm /ig. Hence, we expect in such 
a case that w* = 2^max fiQ and = 2^/mm fio- 

On the other hand, if one writes 0(x) = x/L{x), then the reaction-term locally looks like 
an L(x)-periodic function. Since L{x) — +oo, as clearly follows from the fact that — )■ 
as X — +00, one might expect to find a link between the spreading speeds and the limit 
of the spreading speed wl associated with the L-periodic growth rate ^l{x) := fio{x/L) 
when L +00. This limit has recently been computed by Hamel, Roques and the third 
author [9]. As fii is periodic, wl is characterized by (11. 4p and one can compute the limit 
of Wl by computing the hmit of Xpi^i) for all p. This is how the authors of p] proved that 

lim Wl = min —j-rr, (2.5) 

k>M j[k) 

where M := maXa;gK iio{x) > and j : [M, +00) — )■ [j(M), +00) is defined for all > M by 

j{k) := / ^/'k^^jM^i^dx. (2.6) 
io 

If (p increases rapidly, that is, the period L{x) increases slowly, then we expect to recover 
this type of behavior. More precisely, we expect that w* = w^ = minfc>M k/j{k). 
We are now in position to state our results. 

2.1 Slowly increasing 

We first consider the case when converges very slowly to +00 as x — > +00. As expected, 
we prove in this case that < w*. 

Theorem 2.1 1. Assume that -— +00 as x ^ +00. Then 

X(j)'[x) 



w^ 



2A/min /xq < w* = 2-y/max /xq. 



2. Assume that ^ — > C as x -> +00. If C is large enough (depending on uq), then 

x(p'{x) 



w^ < w 
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This is the first example, as far as we know, of a space heterogeneous nonhnearity f{x, u) 
for which the spreading speeds and w* associated with compactly supported initial data 
are not equal. 

In order to prove this Theorem, we will first consider the particular case when /io is 
discontinuous and only takes two values (see Proposition 13 . 1 1 below) . In this case, we are able 
to construct sub- and super-solutions on each interval where /i is constant, and to conclude 
under some hypotheses on the length of those intervals. Then, in the general continuous 
case, our hypotheses on [x(j){x))~^ allow us to bound /i from below and above by some two 
values functions, and our results then follow from the preliminary case. 

Remark 2.2 Note that such a two values case is not continuous, so that our Theorem holds 
under more general hypotheses. In fact, one would only need that /iq is continuous on two 
points such that /xq attains its maximum and minimum there, so that, from the asymptotics 
of (l){x), the function fi{x) = /io(0(x)) will be close to its maximum and minimum on very 
large intervals as x ^ +oo. 



2.2 Rapidly increasing (j) 

We remind the reader that M := max^eR fio{x) > and j : [M, -|-oo) — )■ [j(M), +oo) is 
defined by (12.61) . We expect to characterize the spreading speeds and w* using these 
quantities, as in [H]. 

Note that j{M) > since min/ig < M. The function j is clearly a bijection and thus 
one can define 

Woo ■= mm — ^ — = mm — — . (2.7) 

A>j(A/) A k>M ]{k) 

We need in this section an additional mild hypothesis on /: 

3(7 > 0,7 > such that f{x,u)>f'^{x,Q)u-Cu^^^ for all (x, m) G M x (0, +cx)). (2.8) 
Theorem 2.3 Under the additional assumptions ( \2.t^ . cj) G C'^(M) and 

4)" {x) / 4)' {xf ^ 0, and <p"' {x) / <p' {xf ^0, as x ^ +oo, (2.9) 

one has 

= W* = Woo- 

Note that (12. 9p implies (x0'(x))~^ — >■ as x — >■ -|-oo. Hence, this result is somehow comple- 
mentary to Theorem 12. 1[ However, this is not optimal as this does not cover all cases. An 
interesting and open question would be to refine those results to get more precise necessary 
and sufficient conditions for the equality w^, = w* to be satisfied. This could provide some 
insight on the general heterogeneous case, where the establishment of such criteria is an 
important issue. 

This result will mainly be derived from Theorem 2.1 of [3]. We first construct some 
appropriate test-functions using the asymptotic problem associated with = fio{x/L) 

as L — 7- +00. This will enable us to compute the generalized principal eigenvalues and the 
computation of the spreading speeds will follow from Theorem 2.1 in [5]. 
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2.3 Examples 

We end the statement of our results with some examples which illustrate the different possible 
behaviors. 

Example 1: (f){x) = /3(lnx)", with a,(3 > 0. This function clearly satisfies the hypotheses 
in (OD- 

• If a e (0,1), one has l/{x(j)'{x)) = (lnx)^~"/(/3a) — )■ +oo as x — )■ +oo. Hence, the 
assumptions of case 1 in Theorem 12.11 are satisfied and one has w^, = 2^/mmJlQ and 
w* = 2^max fiQ. 

• If a = 1, then x(f)'{x) = (3 for all x and thus we are in the framework of case 2 in 
Theorem 12. H which means that we can conclude that w^, < w* provided that /3 is small 
enough. 

• Lastly, if a > 1, then straightforward computations give 

(f)"{x)/(f)'{xf ~ --^(Inx)^"" ^ as x ^ +oo, 

f3a 

(t)"'ix)l(t)'ixf ~ -^(Inx)^"" ^ as X ^ +oo. 

pax 

Hence, the assumptions of Theorem 12. 3 1 are satisfied and there exists a unique spreading 
speed: = w* = Woo- 



Example 2: 0(x) = x°',a G (0,1). This function clearly satisfies the hypotheses in ( 11.20 
since a < 1. One has (j)" (x) / (j)' {xf = ^ ^ and (p'" (x) / (j)' {xf = ^ as 

X — >■ +00. Thus, the assumptions of Theorem 12.31 are satisfied and = w* = Woo- 

Example 3: 0(x) = x/(lnx)",a > 0. This function satisfies (11.21) and one has 

(f) (x) 



+1 ■ 



(Inx)" (Inx)" 



. —a aia + 1 



(f)"'{x) 



x(lnx)i+" x(lnx)°+2' 
a a{a + l)(a + 2) 



x2(lnx)i+° x2(lnx)°+3 

It follows that 0"(x)/0'(x)^ — and 0"'(x)/0'(x)^ — as x +oo since the terms in x will 
decrease faster than the terms in Inx. Thus, the assumptions of Theorem 12.31 are satisfied 
and = w* = u7oo- 

Organization of the paper: Theorem 12 . 1 1 will be proved in Section |H As a first step to 
prove this Theorem, we will investigate in Section |3] the case where /io is not continuous 
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anymore but only takes two values /i+ and Lastly, Section |5] is dedicated to the proof of 
Theorem 12.31 
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3 The two values case 

We assume first that fi is discontinuous and only takes two distinct values fi-, fi+ G (0, +oo). 
Moreover, we assume that there exist two increasing sequences {xn)n and {yn)n such that 
Xn+i >yn>Xn foT all u, lim„_^+oo = +00 and 

/^W = { -f ^ I N (3-10) 

/i_ if X G (?/„,x„+i). 



Proposition 3.1 We have: 

1. Ifyn/xn +00, then w* = l^jr^. 

2. If Xn+i/yn +00, then = l^fJTZ. 

K 

3. If Vnlxn K > I, then w* > 2./JII , 

4. If Xn+i/yn K > I, then < ^^/JiZ ^ ^ V/^+Z/^- ^ 

K + ^J^_l^+ 

It is clear in part 3 (resp. 4) of Proposition 13.11 that the lower bound on w* (resp. upper 
bound on w^) goes to l^fji^ (resp. 2y/JH) as K ^ +00. Hence, for K large enough, we get 
the wanted result w^, < w*. 



3.1 Maximal speed: proof of parts 1 and 3 of Proposition [37T] 

1. We first look for a subsolution of equation (11. ip going at some speed c close to I^JJiZ. 
Let be a solution of the principal eigenvalue problem: 

dxx<^R = >^r4>r in Br, 

(j)R = on OBr, (3.11) 

4>R> in Br. 

We normalize by ||0_r,||oo = 1- We know that \r ^ as R ^ +00. Let c < 2y/JIZ and R 
large enough so that —\r < — Then v{x) = e~(j)R{x) satisfies: 

dxx'v + cdxV + = — — + Afljf > in Br. 
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By extending by outside Bji, by regularity of / and since /^(x, 0) > /i_ for any x G M, 
for some small k, we also have in (0, +oo) x M: 

dxxi^v + cdxi^v + /(x + ct, Kv) > 0. 

Hence, w{t,x) := kv{x — ct) is a subsolution of (11.11) . Without loss of generality, we can 
assume that u{l,x) > w{l,x), thus for any t > 1, u{t,x) > w{t,x). That is, for any speed 
c < 2y/JII, we have bounded u from below by a subsolution of (11.11) with speed c. In 
particular, 

X -\- R 

let tn := — , then u(t„, x) > w{tn, x) for all x G M, 

which is positive on a ball of radius R around x„ + R. 

2. Take an arbitrary c' < 2y/]I^ and let (pR' a solution of the principal eigenvalue prob- 
lem (13. lip with R' such that —Xr' < fi+ — c'^/4. As above, there exists v{x) = n'e 2 (j)Ri{x) 
compactly supported such that 

dxxv + c'dxv + f{x + Xn + R + c't,v) > 0, (3.12) 

as long as iJ = where /^(x + x„ + -R + c't, 0) 7^ that is 

i-R' + Xn + R + C't, R' + Xn + R + C't) C (Xn, Vn), 

which is true for R> R! and 

Vn - Xn - R- R! 



< t < 



d 



As R could be chosen arbitrarily large, we can assume that the condition R > R' is indeed 
satisfied. Moreover, as lim inf „_5.+oo Vn/xn > 1 and lim„_^+oo x„ = +00, we can assume that n 
is large enough so that ?/„ — x„ > 2R and thus the second condition is also satisfied. Hence, 
w{tn + t, x) := v{x - Xn - R - c't) IS a subsolution of ([EI]) for t G (0, Mn-En^EnK-^ and 
X G M. We can take k' small enough so that 



K min (j)R(y) > K'e^^ . (3.13) 
j/eB(o,fl') 

For all X G B{ctn, R'), one has: 

w(tn,x) = Ke""'"2"*"'0j^(x - ctn) > k( miu 0ij(y)) e '"2 " ' (^-':*")e'^(^-''*") 

\?/6B{0,i?') / 

> k( min 0r(v) 1 g^V^^'e^^^"''*"^ 

- Vjyes(o,iJ')'^^'^V (3.14) 

. —c'(x-ctn) ^ 

> Ke 2 <Pr\x - ctn) = W[tn,x), 
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since ct„ = x„ + i? by definition. Moreover, u(tn,x) > w(tn,x) for all x G M. The parabolic 
maximum principle thus gives 

0, — ^ j and X G M. 

3. We can now conclude. Indeed, for n large enough one has: 

/ Un — Xn — R — R' ~ / Un — Xn — R — R! „/\ ~. 

M Un H -. ,Z/n - ^ > W Un. H ^ , l/n - R ] = v[Q). 



Since the construction of v did not depend on n, the above inequality holds independently 
of n, which implies that: 

• r (. Vn-Xn-R-R' JD'\ ^ n 

mtu I t„ H ,yn - R I > 0. 



If Un/xn — > +0O, we havc 

Vn - R' Vn- R' 



- — 7- c' as n — !■ +00. 



^ _|_ y„-x„-R-R' x„ I yn-x„~R-R' 
" c' c c' 

It follows that w* > d for any d < I^JJT^. The proof of part 1 of Proposition [STTl is completed. 
If Unlxn — > we have 

Vn-R' , 

—7- - as n — 7- +00. 



, , y„-x„^R-R' 1 , K-1 



As this is true for any d < 2y//rjr and c < I^JJTZ^ this concludes the proof of part 3 of 
Proposition 13.11 □ 

3.2 Minimal speed: proof of parts 2 and 4 of Proposition 13.11 

Let A+ = be the solution of — 2y//If^+ = ~/^+- Oiis can then easily check, from 
the KPP hypothesis, that the function 

v{t, x) := min (l, ^g-^+^^-^v^*)) 

is a supersolution of equation (11. ip going at the speed l^fJT^, for any k > 0. Since is 
compactly supported, we can choose k such that f (0, ■) > uq in M. Thus, for any t > and 
X G M, u{t,x) < v{t,x). In particular, the inequality holds for t = the smallest time such 
that v(t,yn) = 1- Note that t„ = y„/(2y/^) + C where C is a constant independent of n. 
Then for all x G M, 

U{tn, Vn + X) < V{tn, Vn + x) = Uim (l, 6"^+"^) . 



We now look for a supersolution moving with speed 2y/JII locally in time around Let us 
define 

w{tn + t,yn + x) := min + t, ?/„ + x), e-^-(^-2v^*)) 
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where A_ = ^JJlZ■ Note that A_ < A+, thus M(t„, ?/„ + x) < f (tn, Z/n + a^) = ""^(^n, Z/n + a^)- 

We now check that w is indeed a supersolution of equation fll.ip . We aheady know 
that is a supersolution and it can easily be seen as above from the KPP hypothesis that 
g-A_{x-2^/7ii:t) jg ^ supersolution only where /u(-,0) = Thus, we want the 

inequality f (t„ + t, i/n + a;) < e~'*'-^^~^v^*) to be satisfied if y„ + a; ^ Recall that 

f(t„ + 1, ?/,„ + x) = min (^1, e~'^+*'^~^v^*)^ for all t > and x G M. Thus, the inequality is 
satisfied if t > and x < or if 



^ > 2 +V^+ ^ ^ 2(A+ + A_)l 

A-|- — A— 

It follows that witn + t, ?/„ + x) is indeed a supersolution of equation (11.11) in M as long as 

0<2(A+ + A_)t<x„+i-|/„, (3.15) 

and that ui^n + ^5 1/n + a;) < w(t„, + t, ?/„ + x) for any t verifying the above inequality. 
To conclude, let now 1JJi+ > c> 2JJiZ, and t'„ the largest t satisfying (I3.15p . i.e. 



" 2(A+ + A_)' 

The sequence (t'„)n tends to +00 as n ^ +00 since liminf„_5.4.oo x„+i/y„ > 1 and 
lim„_5.+oo Vn = +00. Moreover, one has 

U{tn + t'^, Vn + Ct'J < W{tn + t'^, Vn + Ct'J aS n +00 

since c > l^fJiZ. 

If Xn+i/Un +00 as n -)■ +00, as t„ = yn/i2y/m) + C, one gets t'^/tn +00 
as n — 7- +00. Hence, 

Vn + ct'^ 



tn + t'^ 



— )■ c as n — +00. 

It follows that w^, < c for any c > l^jJiZ. This proves part 2 of Proposition 13.11 
If Xn+i/Un K as n +00, we compute 

yn + < ^ i + 2(ATTAr)(-^-i) 

— — TT ^ 1 I - as n ^ +00. 

" 2^ + 2(A++A_) 

Hence, i/;* is smaller than the right hand-side. As c G (2^/^, 2^JJi^) is arbitrary, A_ = 
and A+ = we eventually get 



which concludes the proof of part 4 of Proposition 13. 1[ □ 
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4 The continuous case 



4.1 Proof of part 1 of Theorem 12.11 

We assume that /iq is a continuous and 1-periodic function. Let now e be a small positive 
constant and define /i_ < yU+ by: 

/i+ := max /io — 
/i_ := min/iQ. 

We want to bound fi from below by a function taking only the values /i_ and in order 
to apply Theorem 13.11 Note first that there exist x_i G (0, 1) and 6 G (0, 1) such that 
/io(x) > /i+ for any x G + 6). We now let the two sequences (x„,)„gN and (y„)„eN 

defined for any by: 

(f){Xn) = x-i+n, 
(piVn) = X-i+n + 6. 

Note that since is strictly increasing and 0(+oo) = +oo, then those sequences indeed exist, 
tend to +00 as n — > +oo, and satisfy for any n, Xn < Un < Xn+i- It also immediately follows 
from their definition that for all x G M, 



> where ^{x) :- 



/i+ if X G {xn,yn), 
/i_ if X G (y„,x„+i). 

We now have to estimate the ratio Un/xn in order to apply Proposition 13.11 Note that: 

5 = (t){yn) - (t){xn) = / (t)'{x)dx. (4.16) 



Moreover, under the hypothesis x(f>'{x) — as x — +oo, and since (x„)„, (?/„)„ tend to +oo 
as n — )■ +oo: 

[ (j)'{x)dx= I \x(j)'{x) X — ) (ix = o ( In f — ) ) as n — +oo. (4-17) 

From fl4.16p and f l4.17p . we have that |^ +oo. To conclude, we use the parabolic maximum 

principle and part 1 of Proposition 13.11 applied to problem (11. ip with a reaction term / < / 
such that ^ 

/^(x,0) = Jl{x) for all x G M. 

It immediately follows that w* > 2-(/max /iq — e. Since this inequality holds for any e > 0, 
we get w* = 2^max hq. 

We omit the details of the proof of = 2y/mm since it follows from the same method. 
Indeed, one only have to choose y'_i and 5' in (0, 1) such that ^o{x) < min/xo + s for any 
X G {y'_i, y'_i + 5') and let two sequences such that 

(l){y'n) = yU + n, 
0(x;+i) = y'_, + n + 6'. 

One can then easily conclude as above using part 2 of Proposition 13.11 □ 
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4.2 Proof of part 2 of Theorem 12.11 

As before, we bound fj,o from below by a two values function, that is, for all x G 



n{x) > fi{x) where fj,{x) 



= max fio — £ if X G (x„,, y„ 
H_ = mm Ho if a; G (?/„, Xn+i), 



where e a small positive constant and the two sequences {xn)n and {yn)n satisfy for any n: 

= x_i + n, 
(piUn) = + + S{e) for some (5(e) > 0, 
Xn — )• +C)0 and y„ — > +oo. 

Here, under the assumption that x(j)'{x) — )■ 1/C, we get 
6{e) = (f){yn) - 4>{xn) = I (j)'{x)dx 

x(j)\x) X —\dx 
X J 

= In ^ + o An ^ ^ as n +00. 

Hence, 



^ ^ e^(-)c^ as n ^ +oo. 
We can now apply the parabolic maximum principle and part 3 of Proposition 13.11 to get 



e 



S{e)C 



w* > 2v/max/io --— ^, ■ ■ (^'^S) 

(^gOiejo — ij + ^y [max — e)i mm /io 

Notice that the dependence of 5 on e prevents us from passing to the limit as e — as we 
did to prove part 1 of Theorem 12. 1[ However, for any fixed e > 0, one can easily check that 
the right-hand side in the inequation (14.181) converges as C — )■ +oo to 2-y/max/io — £■ 
One can proceed similarly to get an upper bound on w^, that is: 

— e^'(^)^ + v/max/io/(min^o + £) 

< 2v/mm/io + e (4.19) 
go (e)L. _|_ ^ [mm jj,Q + e)/ max /iq 

where e can be chosen arbitrary small and S'{e) is such that /io(a;) < min/ig + e on some 
interval of length 6'{e). It is clear that the right-hand side of (I4.19P converges to 2^/mmJI^^'+~e 
as C — !■ -|-oo. 

Therefore, by choosing e < (max/io — min/io)/2, one easily gets from fl4.18p and (14.191) 
that for C large enough, < w*. This concludes the proof of part 2 of Theorem 12.11 More- 
over, note that the choice of C to get this strict inequality depends only on the function fiQ, 
by the intermediate of the functions 6{e) and S'{e). □ 
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5 The unique spreading speed case 



We begin with some preliminary work that will be needed to estimate the spreading speeds. 
The proof of Theorem 12.31 is then separated into two parts: the first part (Section 15. 2p is 
devoted to the proof that w* < Woo, while in the second part (Section l5.3p we prove that 

> Woo- 

5.1 Construction of the approximated eigenf unctions 

For all p G M, we define 

M if \p\<j{M). ^^-^"^ 
The fundamental property of this function is given by the following result. 

Proposition 5.1 (Propositions 3.1 and 3.2 in f^) For all p G M, H{p) is the unique real 
number such that there exists a continuous 1-periodic viscosity solution v of 

Wiy) - pf + /io(y) = H{p) over M. (5.21) 

Next, we will need, as a first step of our proof, the function v given by Proposition 15. II to 
be piecewise . This is true under some non- degeneracy hypothesis on ^q. We will check 
below in the second part of the proof of Theorem 12.31 that it is always possible to assume 
that this hypothesis is satisfied by approximation. 

Lemma 5.2 Assume that p^ G C^(]R) and that 

if IIo{xq) = max/io, then ^q{xo) < 0. (5.22) 

Then for all p G M, equation Ii5.21\) admits a 1-periodic solution Vp G W'^'°°{M.) which is 
piecewise C^' 



Proof. The proof relies on the explicit formulation of Vp. Assume first that p > j{M) = j{\\po\\oc) ■ 
Then it is easy to check (see [9]) that 

Vp{x):=px- \/H{p) - lio{y)dy (5.23) 



satisfies f l5.2ip . Then, the definition of j implies that Vp is 1-periodic and, as /io G C^(M) 
and H{j)) > po{y) for all V ^ the function Vp is C^(M). The case p < —j{M) is treated 
similarly. 

Next, if IpI < j{M), let F define for all Y G [0, 1] by: 

F{Y):=p+ [ y/M- fxoiy)dy~ [ - fxo{y)dy. 

Jy Jo 
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Then F is continuous and, as \p\ < j{M), 



FiO) =p+ V Af - i2oiy)dy = p + j{M) > 0. 

Similarly, = p- j{M) < 0. Thus, there exists X E [0, 1] so that F{X) = 0. We now 
define: 

{px — a/ M — fio{y)dy for all xG [0,X], 

'''x .X (5.24) 

px- j yjM - Mdy + ^yM-^io{y)dy for all x E [X, 1]. 

From the definition of X, the function Vp is 1-periodic. It is continuous and derivable at any 
point X E [0, 1)\{X} with 



Vp[X) 



p - y/M - fio{x) for all x E [0, X), 
p + a/M - fio{x) for all x E (X, 1). 



Hence, it satisfies (I5.2ip in the sense of viscosity solutions. Lastly, for all x E (0, X) so that 

fj.o{x) 7^ M, one has 

v'lix) = 

2v/M-^o(x) 

If Ho^xm) = M, then fl5.22l) implies that /io(a;) < M for all x ^ xm close to xm and a Taylor 
expansion gives 

hm v'lix) = ^-^i'^{xm)/2. 

Hence, v'^ can be extended to a continuous function over (0, X). Similarly, it can be extended 
over (X, 1). It follows that is bounded over [0, 1] and that it is piecewise C^(]R). □ 

For any p G M, define the elliptic operator: 

Lpip := if" - 2p(p' + + /io(0(x)))(/). 

Lemma 5.3 For all p E M, let 

// / 1 5. 22^) holds and fio E C'^{M), then ipp is piecewise C^(M) and one has 

Lp^p{x) -H{p)Mx) ^ ^ ^ (5 26) 

ifpix) 
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Proof. The function (pp is piecewise C^(]R) since Vp is piecewise C^(]R). For all x so that Vp 
is in X, we can compute 



This gives 

Lpifipix) - H{p)ipp{x) (j)"{x) ^^,^oi£i^ J)^^\x)\ 

- 4> {x)Vp{4>{x)) - -i7-TVp{4>{x)) + 2 - Vp{4>{x)) 



+ 



ippix) ' 4>'{X) " \ (0'(x)) 



<\)"[x) 



2 



-2p \^v'p{(j){x)) - .^A^vp{(f){x))j +p' + i2o{(j){x)) - H{p), 

^ ^^ (P" i^) ,,,, f (^"(x))^ (j)'" (x) \ 



As Vp is periodic and W'^'°°, Vp is bounded. It follows from (12. 9 p that 

Lpipp{x) - H{p)(pp{x) 



— as X — +00. 



X] 



□ 



Lemma 5.4 Define ^Pp as in Lemma \5. 51 T/ien 

In (/9p(x 



Proof. One has 



as X +CX). (5.27) 



= for all X e M. (5.28) 

X 0'(x)x 

The function x 1— >■ fp(0(x)) is clearly bounded since Vp is periodic. Hence, (12. 9p gives the 

conclusion. □ 
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5.2 Upper bound for the spreading speed 

Proof of part 1 of Theorem 12.31 We first assume that fiQ E C^(M). Let us now show that 
w* < Woo- Let c > Woo and ci G (u^oo, c). We know that there exists p > j{M) > such that 

Woo = iiiin H(p')/p' = H(p)/p. 

p'>j{M) 

Let k > M so that p = j{k) > 0, and ipp defined as in Lemma [5731 We know from Lemma [573] 
that there exists X > such that: 

\Lpipp{x) — k(pp{x)\ < (ci — Woo)j{k)(pp{x) for all x > X. (5.29) 

Let u be defined for all (t, x) G [0, +oo) x M by: 

u{t,x) := min{l,y?p(x)e-^('=)("-'^-'=^*)}, 

where /i G M is large enough so that Uo{x) < u{0,x) for all x G M (this is always possible 
since Uq is compactly supported). Moreover, u{t,x) < 1 if and only if </?p(x) < eiWi^-^^-^^^) ^ 
which is equivalent to a; — Vp{(f){x)) / {j {k)(j)' (x)) > h + cit > h. Lemma [53] yields that the 
left hand-side of this inequality goes to +oo as x — j- +oo. Hence, we can always take h large 
enough so that u{t,x) < 1 implies x > X. It follows that for all {t,x) G [0, +oo) x R such 
that u{t,x) < 1, one has 

dtu - d^Jl - /(x, u) > dtu - d^^u - fi{x)u 

> 3{^)ciu- L^^u){Vp){x)e-^^'^^^--^~'^'^ 

> j{k)ciu — ku — {ci — Woo)j{k)u 

> {j (k) w oo - k)u = 0. 

It follows from the parabolic maximum principle that u{t, x) > u{t, x) for all [t, x) G [0, +oo) xM. 
Hence, for all given x G M, 

u{t,x) < v5p(x)e-^('=)(^-^-"^*) for all t > 0. 

Let e > so that e < j{k){c — ci)/c. Lemma [574] yields that there exists i? > so that for 
all X > i?. In ((/?p(x)) < ex. Let T = R/c and take t >T and x > ct. One has 

In (|(^p(x)e-^W(^-'^-^i*)) = In (<^p(x)) - ]{k){x -h- c^t) 

< {e-jik))x + j{k)ih + cit) 

< {ec + j{k){c,-c))t + j{k)h 
— )■ — oo as t — >■ +00 

since ec < j{k){c — Ci). Hence, 

lim max ( v9p(x)e"^'*^'')^^'"^"'''*M = as t ^ +00, 

t— >+oo x>ct \ / 
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which ends the proof in the case fiQ G C2(]R). 

Lastly, if /iq G C'^(M) is an arbitrary 1-periodic function, then one easily concludes by 
smoothing /ig from above. Indeed, one can find a sequence (/io)„ G C2(R)^ converging 
uniformly to /io, and such that for all n G N and x G M, yUo(x) < /io(x). 

It follows from the maximum principle that 

lim maxu{t,x) = for all w > min k / j"^ (k) , 

t^+oo x>ct k>M 

where j^{k) = / \/k — \XQ{x)dx > j{k) > 0. Letting n — )■ +00, one gets 

lim maxM(t, x) = for all w > Woo, 

f— >+oo x>ct 

which concludes the proof. □ 



5.3 Lower bound on the spreading speed 



Proof of part 2 of Theorem 12.31 First, assume that /xq G C2(]R) satisfies fl5.22p . Let ipp 
as in Lemma [5731 For all 6 > 0, take R large enough so that Lpipp > {H{p) — S)ipp at any 
point of (-R, +00) where (fp is piecewise C^. It is easy to derive from the proof of Lemma [573] 
that (p'p/ipp is bounded and uniformly continuous. Take C > so that |v5p(a;)| < Cipp{x) for 
all X G M. 

We need more regularity in order to apply the results of [3]. Consider a compactly 
supported nonnegative mollifier x G {^) so that Jj^ x = 1 and define the convoled function 

ijp := exp (x^lnv?p) G ^^(M). One has i^p/i^p = X* (vp/'^p)- Hence, < C^p(x) for 

all a; G M and, as ^Pp/^Pp and (^ipp/ippY are uniformly continuous, up to some rescaling of 
we can assume that 



■.(fpJ^ 

We now compute 



< 5, 



fp^2 



l-l 
V'p 



< 5 and ||x * ~ A^lloo < 



^P 



^p 

It follows that 

Lpipp 
^P 



<^P 



fp 



, V'P 

fp 



X* 



V'p 



X* I — 



> 



^p - '^P% + /^(a^)^p 

V'p 



> -25 + 



> 

> 
> 



-V^p V^p^ 

-25 + X * - /i - 5) + 

—3(5 + -ff (p) + — X * 
-4(5 + h\p) 
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in {R, +00). On the other hand, Lemma [5^ yields ipp G Ar, where Ar is the set of admissible 
test-functions (in the sense of [5]) over {R, 00): 



Ar:={ tpeC^{[R,oo))nC^{{R,oo)), 



(5.30) 



ij'/ij e L^{{R, 00)), tlj>Om[R,oo), lim,^+oo ^ In ^(x) = }. 

Thus, one has Ai(Lp, {R, +00)) > H{j>) — 45, where the principal eigenvalue Ai is defined by 

Ai(Lp, (i?, 00)) := sup{A I 30 G Ar, such that Lp0 > A0 in (i?, 00)}, (5.31) 

Hence, limR_^+oo Ai(Lp, (_R, +00)) > H{p) for all p > 0. 

In order to use Theorem 2.1 of [5], we need the nonlinearity to have two steady states and 
to be positive between these two steady states. It is not the case here but we will bound / 
from below by such a nonlinearity. As minjg /ig > and / is of class in the neighborhood 
of M = 0, we know that there exists 6 G (0, 1) so that 

/(x, u) > for all X G M and u G (0, 6). 

Let C = C('^) ^ smooth function so that 

Q 

< C(m) < 1 for all u G (0, 6), ((«) = for all m > ^ and C(^^) = 1 for all u G (0, -). 

2 

Define f{x,u) := ({u)f{x,u) for all {x,u) G M x [0,1]. Then 

/ < / in M X [0, 1] and f^{x, 0) = fi{x, 0) = fioi(p{x)) for all x eR. 

Let u the solution of (11. ip with nonlinearity / instead of / and initial datum uo- The 
parabolic maximum principle yields u > u. 

Since the function / satisfies the hypotheses of Theorem 2.1 in [5], we conclude that 



lim min u(t,x) = 1 for all w G (0,min 

■^+00 xe\0,wt] \ p>0 



H{p) 



f-5-+oo x<^[0,wt] V p>0 p 

It follows that 

Hip) . k 
> min = mm 



p>0 p k>M j{k) 

Next, assume that /io G C^(]R) does not satisfy (I5.22p . Let y G M so that 
/^o(y) = iiiax/io(y). Take a 1-periodic function x ^ C^(]R) so that x(0) = 0, xiv) > 

for all y 7^ and x"(0) > 0. Define for all n G N and x G M: 

f^oiy) '■= f^oiy) - ^x{y-y)- 

This 1-periodic function satisfies (I5.22p for all n and one has < /ij} < fiQ for n large enough. 
It follows from the maximum principle that 



liminf min u(t, x) > for all w G fo, min — 

t-5>+oo 0<x<wt \ k>M 



k 



where j"(/c) = / y^k — fiQ{x)dx > j{k) > for all k > M. Letting n — )■ +00, one has 
Jo 

f^oiy) ~^ /^o(y) uniformly in y G M and thus 

liminf min u{t,x) > for all w G (0,w;oo); 

i— >+oo 0<x<wt 

which concludes the proof in this case. 

Lastly, if /iq G C°(M) is an arbitrary 1-periodic function, then one easily concludes by 
smoothing /iq as in the previous step. □ 
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